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EXISTENCE OF CONVEX HYPERSURFACES
WITH PRESCRIBED GAUSS-KRONECKER CURVATURE

XU-JIA WANG

ABSTRACT. Let f(x) be a given positive function in R"+!. In this paper we
consider the existence of convex, closed hypersurfaces X so that its Gauss-
Kronecker curvature at € X is equal to f(z). This problem has variational
structure and the existence of stable solutions has been discussed by Tso (J.
Diff. Geom. 34 (1991), 389-410). Using the Mountain Pass Lemma and
the Gauss curvature flow we prove the existence of unstable solutions to the
problem.

1. INTRODUCTION

In this paper we are concerned with the existence of a convex, closed hypersurface
X so that its Gauss-Kronecker curvature K is equal to f, i.e.,

(1.1) K(p)=f) VYV peX,

where f(z) is a C? smooth, positive and locally bounded function on R**1.

Such kind of problems was raised by Yau [13], in which he proposed to study the
existence of hypersurfaces in R™*! so that their mean curvature is equal to a given
function. Equation (1.1) has been investigated by Oliker [6] in which he proved
that if there exist Ry and Rz, 0 < R; < Rg, so that

(1.2) f(x) > R™ for |z|=R; and f(z) < Ry" for |z| = Ra,

and a%pnf(px) <0 for x € S™, p > 0, then there exists a solution to the equation
(1.1). It was subsequently proved by Delanoé [5] that (1.2) alone is sufficient for
the existence.

Equation (1.1) was later studied by Tso [10] via variational approach. Let oy,
(k=0,1,--- ,n+ 1) denote the kth normalized elementary symmetric function of
the principal curvatures of a convex hypersurface X, namely, o = Zil <ociy Kiy o
ki, JCE (set 00 = 1,0p41 = 0). Let Ix(X) = 1% [ ok It is known [9] that I,
satisfies the variational formula

<6Ik(X)1€> = Lak+1<€77>d01 k= 0711"' y 1y

Received by the editors April 3, 1995 and, in revised form, July 5, 1995.

1991 Mathematics Subject Classification. Primary 53C45, 58 G11, 35J60.

Key words and phrases. Gauss curvature, convex hypersurface, existence.

This work was finished while the author was visiting the Mathematical Section of the Interna-
tional Center for Theoretical Physics. He would like to thank the center for its support.

©1996 American Mathematical Society

4501



4502 XU-JIA WANG

where £ is any smooth vector field on X, v is the unit outward normal of X. By
(x,y) we denote the inner product in Euclidean space. Let

(1.3) J(X) =Ly — / F)da,
cl(X)
where C1(X) denotes the convex body enclosed by X. Then
(1.4 63(0.6) = [ (o0 = Dl o
X

Consequently to find a solution of (1.1) is formally equivalent to looking for a critical
point of the functional J(X).

Let y denote the set of all convex C'™! hypersurfaces with the topology induced
by the distance

dist(X7,X2) = sup inf |p; — pol.
p1eX, P2€X2

A solution X is said to be stable if it is a local minimizer of .J, namely, there exists
an open subset xo C x which contains X so that J(X) = inf{J(X), X € xo} and
J(X) < J(X)V X € dxo. Otherwise it is said to be unstable. The condition (1.2)
above implies J has a local minimum. In [10] Tso proved that if f is integrable
over R"! and there exists a convex hypersurface Xg so that J(Xo) < 0, then
(1.1) admits a stable solution which reaches the absolute minimum of .J. Using the
Mountain Pass Lemma, in this paper we will prove

Theorem 1. If (1.1) admits a stable solution X, then it has an unstable solution
contained inside X .

From Theorem 1 we see that (1.1) admits at least two solutions if f satisfies
(1.2), or if f is integrable over R™*! and there exists Xy so that J(Xg) < 0. In
Theorem 3.2 we will prove that if (1.1) has a stable solution X and if f(z) satisfies

(1.5) A< f(x) <A VYV zeR"

for some positive constants A and A, then (1.1) has an unstable solution X; such
that X lies inside X;.

But equation (1.1) usually admits no stable solution. It is easy to see that
the unit sphere S™ is the unique unstable solution of (1.1) if f = 1. Hence it is
interesting to find unstable solutions of (1.1) without the assumption that (1.1) has
a stable solution. A natural question is to ask whether there is a solution to (1.1) if
f(x) satisfies (1.5). In this case J(X) is neither bounded from above nor from below.
The difficulty in finding unstable solutions is that J lacks compactness, which is
a common feature for many prescribed curvature problems, such as the Yamabe
problem and the problem of finding surfaces with constant mean curvature. The
basic idea in treating the latter two problems consists in finding a Palais-Smale
sequence. The problem (1.1) is somewhat different, for J(X) is defined only on
a topology space. The existence of solutions of (1.1) turns out to be strongly
dependent on the behaviour of f. Let f(x) = 3 + arctgz, we will show from the
necessary condition for the Minkowski problem that there is no solution to equation
(1.1). Our purpose here is to find some reasonable conditions on f(z) so that (1.1)
admits a solution. In particular we will prove

Theorem 2. Suppose lim|,|—o f(2) = fo > 0. Then (1.1) has an unstable solu-
tion.
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The proof of Theorems 1 and 2 is based on the study of the logarithmic gradient
flow

0

(16) 5 X () = ~log(K/£(X)) .

where « is the unit outward normal of X at X (z,t), K denotes the Gauss curvature
of X at X(z,t), and X is parametrized on S™. Let X(-,t) be a solution of (1.6).
From (1.4) we have

(L.7) LIX(0) = - /X (K — f)log(K/ f)do < 0.

We will establish in §2 the a priori estimates for solutions of (1.1) and (1.6). In
83 and §4 we prove Theorems 1 and 2, respectively. The following comparison
principle will be used repeatedly.

Comparison Principle. Suppose X;(-,t), (i = 1,2) are smooth solutions of

9 X = log(K/fi)

with initial conditions X;(-,0) = Xo,;. If f1 < fo and Xo1 C Cl(Xo,2), then
X1(+,t) C CU(Xa(-,t)) for t > 0. If moreover X1 # Xo,2, then Xi(-,¢) is strictly
contained in Xs(-,t) for ¢t > 0.

Notation. By convex hypersurface we mean a strictly convex C*! hypersurface,
except otherwise specified. For a convex hypersurface X, we denote by mes(X) =
[y do the area of X, by Vol(X) = —5 [ Hdo the volume enclosed by X, where
H is the support function of X. The length and width of X, denoted by R(X) and
r(X), respectively, are defined by

R(X) = Sup. [H () + H(—x)],

r(X) = inf [H(z)+ H(-z)].

inf
reS™
The support center of X is defined in this paper by
p(X) = H(x)zdo.
Sn
By Cl(X) we denote the closure of X, which is a convex body in R**1. For any

two convex hypersurfaces X; and X5, we will write for convenience X; < Xs if
X1 C Cl(Xy), and if X7 is strictly contained in Cl(X3), we will write X7 < Xo.

2. A PRIORI ESTIMATES

We first establish the a priori estimates for solutions of (1.1). To do so it is
convenient to reduce the equation (1.1) to an elliptic Monge-Ampere equation for
the support function of X.

For any convex hypersurface X, its support function H is defined on R**! by

(2.1) H(z) =sup{(z,p); p€ X}, r € R™L

It is convex and homogeneous of degree 1. If X is strictly convex and smooth, so
is H(x); and X can be recovered from H(x) by

(2.2) p(z) = VH(z) = (Hi(2), - Hopa(2),  z €5,
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with « as the unit outer normal of X at p. Let {e1,-- , e, } be a locally orthonormal
frame field on S™. The radii of the principal curvatures of X at p(z), z € S™, are
exactly the eigenvalues of the matrix (Hag(x) + H(x)I), where I denotes the unit
matrix, the subscripts a, 8 (Greek letters) denote covariant derivatives on S™. Thus

(2.3) K(p(z)) = [det(Hup(x) + H(x))] !, x e S"
Hence if X is a smooth solution of (1.1), its support function H(x) satisfies
(2.4) det(Hop + HI)f(VH) =1 on S",

and vice versa.
Let w(y),y = (y1,- -+ ,Yn), be the restriction of H on y,+1 = —1. By (2.4), u(y)
satisfies

(2.5) logdet(D%u) = f(y, u, Du) =: log[(1 + |y|2>‘<"+2>/2/f<Du7§njyig—: —u)].
=1

K2

Lemma 2.1. Let H € C*(S™) be a solution of (2.4) and X the associated hyper-
surface. Then

(2.6) wseuan(Haa(w) + H(x)) < C,

where C depends only on n, R(X), and log f up to its second derivatives.

Proof. Let X be the convex hypersurface associated with H. By proper choice of
the coordinates we may suppose X contains the origin, namely, H > 0. Note that
{Hup + HI} is invariant after subtracting a linear function.
Let
n+1

p(x,a) = log[Haa(z) + H(z)] + § Z H}

where 3 > 0 is a constant to be determined. Suppose the supremum sup,, , ¢(z, @)
is attained at the south pole and ap = (1,0, ---,0). Then «y is a principal direction
of H at the south pole, hence we may suppose (H,g) is diagonal at this point. Let

a=ax)=(1—-2} —z120,  , —T1Tp41)/4/1 — 23

Direct computation shows that

n+1 n
> Hw) =) uiy) + fuly Zyz% :
i=1 i=1
(14 [yl*)*/2
Hoo(z) + H(z) =uin(y)  ~—— 53
L+ [yl — i
where y = —(x1,- - , &) /Znt1 € R, and u; = Ou/dy;. Hence the function

2.7 —1 log (LT[ Y
@) bt) =g + o {4 - Y

attains its maximum at y = 0. At this point we have

U11
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and
Ukk11l u%lk 2
(2.9) Yy = —— — — T+ Qﬂ[uik + U Uik — uukk] <0,
U11 Uy
where 7, =3 if k =1 and 7, = 1 if k£ > 1. Differentiating the equation (2.5) yields
Wy o o— 2 F
U™ Uik 8$k f7
uugipe — uu  up sk = 92 f
T
where {u%} is the inverse of {u;;}. Multiplying (2.9) by u** and summing, we
obtain
0 ~ 1 0% ~
0> u* e > uM* + 2B[unk + wim—f — nu] + — = f,
8xi U1 8x
where summing convention is used. By (2.8) we have

0 ~ 1 8%~ ~ 1 ~ -,
25%871” + u_ua_:c‘ff = 2fu; fp,wii + u—ll[fpiuiu + fpipruis] +O(1)

= fplmull + O(Ua

where O(1) depends only on n, 3, ||ul|c1, and fvup to its second derivatives. Letting
8 =1+ sup |Vz2) f| and noticing that for any support function H,

sup{|VH (z)|,z € S"} < sup{H (x),x € S"},
we obtain uy, + uf* < C. Hence (2.6) holds. O

Lemma 2.1 implies that (2.4) is uniformly elliptic. By Krylov’s C?*® estimates
we have

(2.10) HHHCS+a(Sn) <C

for some C' depending only on n, R(X), and log f up to its second derivatives.
Next we consider the problem

(2.11) O X(w,1) = —loa(K/[(X)) -7, X(,0)= Xo,

where X is a C* smooth and strictly convex hypersurface parametrized on S™.
Equations of this type have been studied by Tso [10], Chou and the author [4]. In [4]
we present a new appreach to the Minkowski problem by studying the asymptotical
convergence of solutions of the associated Gauss-Kronecker curvature flow.

Let X (-, t) be a solution of (2.11) and H (-, t) its support function. Then (X;,~) =
—Hy, see [12]. By (2.3) we therefore reduce (2.11) to

(2.12) H, =logdet(Hyp + HI)+log f(VH) on S" x [0,400),

with initial condition H(-,0) = Hy, where Hy is the support function of Xy. Con-
versely, if H(z,t) is a solution of (2.12), the hypersurfaces recovered from H(x,t)
satisfy (2.11). Let u(x,t) = H(x,—1,t), x € R™. Then u satisfies

(2.13) uy(z,t) = \/1+ |z|2 logdet(D?u) + g(z,u, Du),
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where

2 n
g(z,u, Du) = n42— V14 [z log(1 + [2]*) + /1 + |z[? log f(Du,Z:ciui —u).
i=1

Lemma 2.2. Let H(z,t) € C*2(S™ x [0,T]) be a solution of (2.12). Then

(2.14) sup [Hao(z,t) + H(z,1)] < C,
Snx[0,T]
(2.15) sup |Hy(z,t)| < C,
Smx[0,T]

where C depends only on n, supjo, 7] (X (-, 1)), f, and the initial condition Ho(x); C
depends only onn, f, infig 7 7(X(+,t)), sup,m R(X (-, 1)) and Ho(x). In particular,
if the supremum in (2.14) (or (2.15)) is attained at t > 0, then the constant C' (or
C) is independent of the initial data Hy.

Proof. For any given T > 0, by Lemma 2.3 in [4], one can construct a piecewise
smooth function s(t) = (s1(t), -+, snt1(t)) € COL([0,T], R"1) so that

(2.16) [s'(t)] <2(n+1) sup  Hi(z,t),
zeS™,te[0,T]
(2.17) sup  |H(z,t) —s(t) x| <2(n+1) sup R(X(-,1)).
€S, te[0,T] te[0,T)
Let

Y= log(Haa + H) + 6|VH - S|27

where = 1 + sup |V12)g|. Suppose the supremum sup{y, (z,t) € S™ x [0,T]} is
attained at the south pole z = (0,---,0,—1), t = ¢ > 0, and o = e1, the x1-
direction. By proper choice of the coordinates we may suppose (Hag) is diagonal
at this point. Let u(y,t) = H(y,—1,t). Similar to (2.7) we see that the function

A+ | g g
1+| |2_ ) +B[Z(Uz _Si>2+ |U+Sn+1 —Zyiuim
Y Y =1 =

P(y,t) = loguir + log

attains its maximum at (y,t) = (0,%). At this point we have

u
0<y= % + 20((ui — 8i) (it — 87) + (u + Snp1)(ue + 5,,,1)],

0=1y = fik +206(u; — 8i) Uik,

U1
and
Ukk11 u%ug 2
0> Yrr > ST + 14+ 28[ug, + (i — si)uwikk — (W + Sn1)Ukk],
11 11

where s, = %si. Differentiating the equation (2.13) gives

i
Ukt = U Uik + 70,

Bxk
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2

L7 i, .77, ,2 2
Upkt = W Uik — u”u”uijk + log det V=u + Wg'
k

It follows

0 >uF by — 1y

1 u?
Zu—(ukkukkll —u11t) — ul—glk +uF* 4 28{ups, + (u; — s3) (WP uig — uir)
11 11

—n(u+ Spg1) — (U + Spg1)(ue + 85,401) + (u; — 83)s5}

0? 0

1
> — — logdet V2u — g-FUkkﬁ‘2ﬁ{ukk_'@%‘_SJEETQ

U1 u_uﬁ—x%
—n(u+ 8n+1) = (Ut Spp1) (ue + s501) + (wi — 8i)si}-
Note that
1 02 0
— 59+ 20(u; —s;
U1 Bx%g + ﬂ(u y >8x1

By (2.16) and (2.17) we therefore conclude

9= gpiprur1 + O(1).

> (urk +uF*) < O+ Jug| +|8']) < C[1+ log(ugy, + u™)),
k

and so (2.14) follows.
Next we prove (2.15). The upper bound of H; follows from (2.14). We need only
to show that H; is bounded from below. Let

q(t) = /n x H(z,t)do.

Then H(z,t) —q(t) - © > 2¢ for some € > 0 depending only on n, r(X(-,t)) and
Let
(p($,t) - H—.’L’q(t) _E'

Suppose the infimum inf{p, = € S™, ¢t € [0,T]} is attained at (zg,tp). Without
loss of generality we may suppose o is the south pole and ¢ty > 0, and (H,g) is
diagonal at this point. Then

ut(yat) g:(y
u—q(t) -y —ey/1+|y)?

attains its minimum at (0, ¢g), where u(y,t) = H(y,—1,t). We have, at (0, t),

1/1(y»t) = _1)7

!
0>y = Ut _ ue(uy + q)41) )
Ut gni1(t) =€ (u+gnia(t) —¢)
0 = iy — Uk Cug(ue — gk(t))
Ut qui1(t) —e (U + gua1(t) — )2’
and
0 < s = Utkk _ UtUg — EUL

Ut gnia(t) e (Ut gna(t) —€)*
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Differentiating the equation (2.13) yields
upr = u ugy + %g = u"uijr + Gulis + Gp, Uke-
It follows
0< [Z uF e — ] (u+ gnya (t) —€)?

<eur Y ut —nup +u(w + @) = Guua(u 4 gorr — €) — gp s (uk — qr)-

We may suppose u; is negative at (0, tp), otherwise we are through. From (2.14),
we have H; < C. By the definition of ¢(t),

|dg/dt| < C sup |Hy| < C(1 — inf Hy).
resn

We obtain
Zukk < Ce (1 + |ue| + |)ia)
<Ce ' 1+ |ug|) < Ce™1(1 + logZukk).
Consequently, > u** < O, and so u; > —C — log Xu** > —C. O

The proof of Lemmas 2.1 and 2.2 has followed the line in [4]. From (2.14) and
(2.15) we have

(2.18) Huo(x,t) + H(z,t) > Cexp(H,) - [sup(Hgg + H)]* ™" > C.

(2.18) gives an upper bound for the principal curvature of X (-, t).

From Lemma 2.2 it is now standard to derive the C3T®2+2/2 4 priori estimates
for H(z,t). On the other hand, the upper bound for R(X(-,t)) can be estimated as
follows. Let X (+,t) be a family of spheres with center at p(Xj), the support center
of Xy, so that their radii p(t) satisfy

d
(2.19) P = nlogp(t) +log A, p(0) = po,

where A = sup f(z) and po is chosen large enough so that Xy < B, (p(Xo)). By
the comparison principle it follows

(2.20) X (1) C By (p(Xo))-

Similarly we have a positive lower bound of r(X (-, t)) locally for ¢ > 0. We thus
obtain

Theorem 2.1. For each X € C*, the equation (2.11) admits a unique solution
X (x,t) € C3+2Fa/2(Gn 5 [0,T)) on some mazimal time interval [0,T) for some
a € (0,1), and either r(X(-,t)) — 0 or R(X(-,t)) — 400 ast — T.

Remark 2.1. By Lemma 2.2 and Krylov’s Holder estimates for uniformly para-
bolic equations, and by approximation we see that (2.11) admits a unique solution
X(-,t) € C3te2te/2(gn 5 (0,T)) provided Xy € CH1.

Remark 2.2. Let pg < A='/", then the solution p(t) of (2.19) decreases and tends
to zero in finite time. Hence if R(X,) < A='/" we have R(X(-,t)) < R(X,) for
t > 0. In particular, if the solution X (-,¢) exists for all ¢ € [0, 00), we have

(2.21) R(X(-,t)) >A"Y™ ¥V t>0.
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3. PROOF OF THEOREM 1

Lemma 3.1. Let A = A(X) denote the supremum of the radii of the principal
curvatures of X. We have

(3.1) r(X) > R*(X)/8A.

Proof. Let H be the support function of X. Without loss of generality we may sup-
pose the infimum 7(X) = inf ecgn [H(x) + H(—x)] is attained at zo = (1,0,---,0).
Let R = sup,cgn{H(z) + H(—z),(x,z9) = 0} and suppose R is attained at
(0,1,0,---,0). Then R > %R(X). Let ¢ be the boundary of the projection
of X on the zjxo-plane. It is easy to see that the infimum of the curvature of ¢
is less than 4r(X)/ R2. Namely, the supremum of the radius of curvature of £ is

greater than R? /4r(X). On the other hand, the supremum of the principal radii of

X is greater than or equal to that of £. Hence (3.1) holds. O
Lemma 3.2. Let X be a convexr hypersurface, and H its support function. We
have

(3.2) L1(X)= | Hdo> = R(X),

STL

where wy,—1 18 the area of the (n — 1)-dimensional unit sphere.

In—l(X>:/ Un—lz/ Un_ldo"
X n On

Note that o,,—1 /0y, is equal to the sum of all principal radii of X divided by n. It
follows

Proof. We have

1
L1 (X) = ~ / tr(Hop + HI)do = | Hdo.
n S'n.

By proper choice of the coordinates we may suppose X contains the line segment
0 ={tens1, t€(—1R(X),3R(X))}. Then H(z) > 1R(X)sinf and

1
H(x)do > §R(X>/ sin fdo

Sn
/2 Wn1
= R(X)/ w1 cos" " OsinOdh = TR(X),

0
where 0 is the angle between ox (z € S™) and the plane {z,+1 = 0}. O
From (3.2) it follows

Wn—1 Wn
3.3 J(X) > R(X) - AR(X)™.
(3.3 (X) 2 2L R(X) — L AR(X)
Lemma 3.3. Let X be a solution of (1.1). Then
“1/n n wnp A

(3.4) A < R(X) < o [J(X) + )\(n+1)/n],

where A = sup,¢cx f(x), A = infrex f(z).
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Proof. Let Br(xo) be a ball of smallest radius so that X C Br(z¢). Then R™" <
A = sup f(x), namely, R(X) > A~Y". Similarly let B,(y9) be a ball of largest
radius so that B,(yo) C CI(X), we find 7~™ > X\ = inf f(z), and so r(X) < A7/,

Observe that
/ f(z)do = / Kdo = / do = why,.
X X Sn

WA < mes(X) < w,A7h

We have

By the Alexandrov-Fenchel inequality [1],
mes(X) > wl/ ("D Vol (X)) (n+D),
We obtain Vol(X) < w,A~("+1)/" Hence by (3.2),
0+ [ )i <
Wn—1 ClU(X)

and so (3.4) follows. O

R(X) < [J(X)+ A-Vol(X)],

Wn—1

Let Xy be a smooth and strictly convex hypersurface, and let X(-,t) be the
solution of

0
Recall that A(X) = sup,, ,{Haa(z)+ H(z)}, where H is the support function of X.
By Lemma 3.1 and (2.14) we have r(X (-, t)) > R%(X(-,))/8C. Hence if R(X(-,t))
is uniformly bounded for ¢ > 0 and r(X (-,¢)) — 0, then R(X(-,¢)) — 0. It is easy
to see that if R(X(-,t)) tends to zero, it tends to zero in finite time.
We say X(-,t) shrinks to a point in finite time if R(X(-,¢t)) — 0. Otherwise we
say X (-,t) exists for all ¢ > 0.

Lemma 3.4. Suppose the solution X (-,t) exists for allt > 0. If R(X(-,t)) and the
support center p(X (-, 1)) are uniformly bounded, then there exists a subsequence of
X (-, t) which converges to a solution of (1.1).

Proof. By assumptions, X(-,t) C Bgr(0) for some R > 0 large enough. Hence
log f(z) is bounded. Let H(x,t) be the support function of X (-,t). By the a priori
estimates in Section 2, we have

[ H (x,t)||csta2tarz(snxoe)) < M

for some M > 0. Hence there exists a subsequence (t;) so that H(-,t;) converges
to a function H(z). We want to show that H(x) satisfies (2.4).

To do so, it suffices to show that %H(-, t) — 0 uniformly for € S™ as t — oc.
By (1.7) we have

d

GIXC0) = [ (=)o

(3.6) = —/ (i —~ V) Hido = — | Hy(e* —1)do <0.
K o
By the smoothness of H(x,t), J(X(-,t)) is uniformly bounded for ¢ > 0. Hence

4 J(X(-,t)) — 0 as t — co. From (3.6) and by the smoothness of H;, we conclude
that Hy(z,t) — 0 uniformly for € S™. This completes the proof. O
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Theorem 3.1. If there exists a stable solution of (1.1), then there exists an unsta-
ble solution of (1.1).

Proof. Let x denote the set of all C''! convex hypersurfaces with the topology
induced by the distance
d(X1,X2) = sup inf |p1 — pal.
pr1EX; P2€X2

For any X € y, we denote by A(X) the supremum of the principal radii of X,
and by B(X) the supremum of the principal curvatures of X. Recall that A(X) =
Supa@{HOZOt(x) + H(ZE)}

Let Xy be a stable solution of (1.1). Let ® = {p(s) € C([6o,3)], x); ¢ satisfies
the following (i)-(v)}, where 5 = R(Xj).

(i) ¢(5) = Xo;

(i) R(p(b0)) = b0, R(¢(s)) = s;

(iil) @(s1) < p(s2) V $1 < s9;

(iv) A(e(s)) < Ao;
(v) B(g(s)) < Bo;
where 6q, Ag, By are positive constants to be determined. Set

(3.7) co = inf sup J(p(s)).
ped s€[60,3]
By (3.3),
Wn—1 wnA n+1
co> sup | R— ——R""].
bo<R<s M n+1

Take 8y small enough so that J(x(60)) < ¢o for any ¢ € ®. Obviously ¢g > 0.
We claim that ¢g > J(Xp). Indeed, since X is a stable solution, there exists an
open subset xo of x which contains Xy so that J(Xo) = inf{J(X); X € xo}, and

(38) J(XO) < —eo0+ lnf{J(XLX S aXO,A(X> < Ao,B(XQ) < Bo}

for some g9 > 0 depending on Ay and By. If J(Xo) < sup{J(X); R(X) = o}, then
we have already J(Xo) < c¢o since &y is small enough. Otherwise there exists an
s0 € (60,3) so that ¢(so) € Oxo. Hence sup,es, 5 J(¢(s)) > €0 + J(Xo) for any
p € P, and so ¢y > g9 + J(Xp).

For ¢ > 0 small enough, let ¢(s) € ® so that sup,c(s, 51 J(¢(s)) < co +&. We
consider the logarithmic gradient flow:

0

(3.9) 5 X = ~log(E/f) -, X(0) = ().
For any given s € [6g, 3], (3.9) admits a unique solution X,(+,t) on a maximal time
interval [0, Ts); and X;(-, 1) |s:§ = X since Xj is a solution of (1.1). By the a priori

estimates in Section 2, X(-,t) depends continuously on s. In particular, if X, (-, t)
shrinks to a point in finite time, then X,(-,t) also shrinks to a point in finite time
for s near sg.

By the comparison principle we have Xj, (-,t) < X, (+,t) for any s; < s2. By
Remark 2.2, we have R(Xs,(-,t)) < & for t > 0 since 6y < A~'/™. For any t > 0,
let p(s) = X (-, t), where s is uniquely determined by R(X(-,t)) = s. Then
1 (s) satisfies (i)-(iii) above. We may choose Ag and By large enough, so that ¢ (s)
satisfies (iv) and (v). Indeed, for any given ¢ty > 0, let A* = sup{A(p:(s)); ¢ €
[0,t0],s € [60,S]}. If A* is attained at ¢ = 0, then (iv) holds. If A* is attained
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at t > 0, by (2.14) we have A* < C = C(n, f,60,5). Hence (iv) holds if A is
sufficiently large. By virtue of Lemma 3.1, we have r(X,(-,t)) > ro for some r¢ > 0
depending only on Ay, 6o and 5. Hence by (2.15) and (2.18) we may also choose By
sufficiently large so that (v) holds for any ¢ > 0.

By (3.6) it therefore follows
(3.10) co < sup J(p(s)) < sup J(p(s)) <co+e.

S€[§g,§] 56[50,5]

Take s(t) so that X (-, t) = @:(60), namely, R(X ) (-,t)) = 6. We claim that

there exists &1 > 0 so that s(t) <35 —

5 —eq for all t > 0. Indeed, let &1 > 0 small so
that
1
(3.11) J(p(s)) < 560 +J(Xo) ¥V s€[s—e1,3,

where ¢¢ is the constant in (3.8). If X5_., (-, ¢) shrinks to a point in finite time,
then there exists a to > 0 so that X5_., (t9) € Oxo, which imply J(Xs_, (to)) >
€0+ J(Xo). On the other hand, by (3.6) we have J(Xz_¢, (-, 1)) < J(X5-¢,(+,0)) <
1eo+ J(Xo) V t >0, a contradiction.

By (3.11), we have

(3.12) T(Xo(8)) < %EOJFJ(XO) V sels—c1,5 and >0,

Suppose the supremum sup{J(X;(-,t)); s € (do,3)} is attained at s*(¢). By (3.12),
s*(t) < §—¢e1. Extract a subsequence of s*(t) so that it converges to s*. Then
s* <S—e1. Forany t > 0, let I(t) = {s € [60,5]; J(Xs(-,t)) > co}. I(¢t) is a
nonempty closed subset of [6y,3]. By (3.6) we have I(t1) D I(t2) for any t1 < to.
Let I = ({I(t), t > 0}. Then for any s € I, we have J(X,(-,t)) > cy ¥V ¢ > 0.
In particular, J(X« (-, t)) > co for any ¢t > 0. We also claim that X« (+,¢) can not
shrink to a point in finite time. For if it did so, there would exist a neighbourhood
N of s* so that for every s € N, X,(-,¢) would shrink to a point in finite time. This
is impossible by the definition of s*.

Note that X,-(-,t) < Xo. By Lemma 3.4, there is a subsequence t; — oo so that
X+ (-, t5) converges to a solution X, of (1.1). By (3.10) we have ¢y < J(X.) < cp+e¢.
Let e — 0, and by (2.10) and Lemma 3.3, we may extract a subsequence of X, so
that it converges to a solution X of (1.1) with J(X) = ¢p. This completes the
proof. O

Remark 3.1. In the above proof, we require that ¢(s) satisfies (iv) and (v) is in
order that (3.8) holds. Note that in the definition for the stability of solutions
we only require that J(X) > J(X) for any X € dyo, which does not imply
inf{J(X), X € dxo} > J(Xo) immediately.

Corollary 3.1. Suppose f(x) is integrable over R**! and there exists a convex hy-
persurface Xo so that J(Xo) < 0. Then equation (1.1) admits at least two solutions.

Proof. In [10] Tso proved that under the above conditions, equation (1.1) has a
solution X,y which reaches the absolute minimum of J. By Theorem 3.1, there
exists an unstable solution X* of (1.1) so that X* < Xj. |

Corollary 3.2. Suppose f(z)|z|™ — 0 uniformly as |x| — co. Then there exists
0. > 0 so that the problem

(1.1)g K(p)=0f(p), preX,
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has no solution for 6 € (0,0,), has at least one solution for 8 = 0., and admits at
least two solutions for 6 > 0.

Proof. Step 1. We prove that for any given 6 > 0, there exists R > 0 so that if X
is a solution of (1.1)g with 6 € (0,6), then X C Bxz(0).

Indeed, let H be the support function of the solution X. Suppose the supremum
M = sup{H (z), x € S"} is attained at e; = (1,0,---,0). Let Z ={x € X; 21 >
1M}, Tt is easy to see that G(Z) D {x € S"; 21 > 3}, where G: X — S" is the
Gauss map of X. Hence

mes(G(Z)) > C >0

for some C depending only on n. On the other hand,

mes(G(Z))z/G(Z)dU:/ZKdaz/Zﬁfda.

Note that mes(Z) < mes(X) < w,R(X)" < 2"w, M™, and that f(x) = o(|Jz|™™) =
o(M~"™) on Z for M large. We have

mes(G(Z)) = 0 /Z F(x)do <8 /Z F@) =0

as M — oo. Hence there exists R > 0 so that M < R, namely, X C Bx(0).
Consequently (1.1)g has no solution for > 0 small. For if X is a solution of
(1.1)p, we have R(X) > (AA)~'/™ where A = sup f(x).
Step 2. Let

0. = inf{@; (1.1)p has at least one solution}.
By step 1, we have 6, > 0. On the other hand, by Lemma 3.2 we have

Jo(X) = I 1(X) 0 / f(a)ds >

Cl(X) n

Wn—1

R(X) — o(R(X))

as R(X) large enough. Hence Jy(X) is bounded from below. Obviously inf Jp(X) <
0 for # large. Hence by the argument of Tso [10], (1.1) has a solution which reaches
the absolute minimum of Jy(X). Thus 6, < +o0.

Let 0; — 0. and Xy, be a solution of (1.1)p with 6 = 6;. From step 1 we have
Xy, C Bg(0) for some R > 0. On the other hand, we have R(Xg,) > (0;A)~1/m
Hence by (2.10), there exists a subsequence of Xy, which converges to a solution
X, of (1.1)p with 0 = 6,.

Step 3. Let xo = {X € x; X > X.}. For any 0 > 0., we want to show that
(1.1)g has a stable solution in xg, which implies by Theorem 3.1 that (1.1)y has at
least two solutions for 6 > 0..

Let ¢g = inf{Jp(X); X € xo}. For any € > 0, choose Xy € xo so that
Jo(Xo) < cg + &. Let X(-,t) be the solution of (3.5). By the comparison principle,
X(-,t) > X.. From (3.6) we have Jg(X(-,1)) < co +¢. By (3.2),

R(X (1) < —

o(X (. 0)) 4 0117112 0)] < —— e+ 1+ o(RIX ()]

Wn—1 n—1
Namely, R(X(-,t)) < C. Hence by Lemma 3.4, there exists a subsequence X (-,t;)

which converges to a solution X, of (1.1)g with Jo(X.) < ¢p +e. Let ¢ — 0, by
(2.10) and Lemma 3.3, we obtain a solution Xy which satisfies J(Xp) = cp.
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It remains to show that ¢y < J(Xp) for any Xy € Oxo. Note that Xy € 9xo
if and only if X, < Xy and X, N Xj is not empty. It is easy to see that for any
Xo € 9x0, Xo is not a solution of (1.1)g since § > 6.. Let X (-,t) be the solution
of (3.5) with Xy € dxo. By the comparison principle we have X (-,¢) > X, and by
(3.6), £J(X(-,t)) <0. Hence J(Xo) > J(Xo). O

Corollary 3.3. Suppose f(x) satisfies (1.2). Then (1.1) admits at least two solu-
tions.

Proof. Tt suffices to show that (1.1) has a stable solution.

Let xo = {X € x; Bg,(0) cC Cl(X) C Bgr,(0)}. xo is an open subset of ¥,
and X € y is a boundary element of xq if and only if Bg, (0) C CI(X) C Bg,(0)
and there exists a point p € X so that p € 9Bg,(0) or p € 9Bg, (0).

For any ¢ > 0, take Xy € xo so that J(Xo) < inf{J(X); X € xo} +e.
Let X (-,t) be the solution of (3.5). By the condition (1.2), we have Bg, (0) C
Cl(X(-,t)) C Bgr,(0). Hence by Lemma 3.4, there exists a subsequence ¢; so that
X (-, ;) converges to a solution X, of (1.1). Let ¢ — 0, we obtain a subsequence of
X which converges to a solution X, € xo of (1.1) with J(X,) = inf{J(X); X €
Xo}. Similar to the proof of Corollary 3.2 we have J(X,) < J(X) for any X € dxo.
Hence X, is a stable solution. |

Next we prove that if f(x) satisfies (1.2) and (1.5), (1.1) has at least three
solutions.

Lemma 3.5. Let X (-, t) be a solution of (3.5). We have

4
(3.13) %Vol(X(~, t)) > wl D VOl(X (-, 1)) () — Ln:
Proof. Let
1 1
h(t) = / Hdo = H det(Hup + HI)do
n -+ 1 X(-,t) n+ Sn

be the volume enclosed by X (-,t), where H(:,t) is the support function of X (-,t).
We have

W(t)= [ Hydet(Hus + HI)do = / Hydo.
sn X (1)

On X~ =X nNn{H, <0}, we have
K K 1 w
Hdoz—/ log—daz—/ —daz—/ Zdo > -2,
- - - f s | B
Hence

(3.14) B (t) > —wn /.

For a > 0 let X, = X N{K < a}. Note that [\ Kdo = [q,do = w,. We
have mes(X\X,) < wy/a, ie., mes(X,) > mes(X) — wy/a. Let a = A/e, then
H; = —1log(K/f) > 1 on X,. Note that X, N X~ = (), we have

G15) W@z [ Hdos [ Hdozmes(x) - S - 52
Xa X-

By the Alexandrov-Fenchel inequality [1],
mes(X) > wk/ (D Vol ( X))/ (D)
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we obtain

4
h/(t) > w}l/(n—o—l)[vol(X(,’t)]n/(n—o—l) _ Xwn-

Lemma 3.5 follows. O

2
Lemma 3.6. Let Xo = {> ., Z—z + 2221} be an ellipsoid, where a > 0 is a fized
constant. Let X (-,t) be the solution of
0
Then there exists Mo > 0 so that if M > My, we have r(X (-, t)) — 00 ast — +0o0.
Proof. For simplicity we suppose A = 1. It is easy to see that X(-,t) is symmetric
with respect to the z,4i-axis and the plane {x,1; = 0}. Let b < %M be a

constant to be determined. Let Fy; = {z € X(-,t); |znt1] < b}, Gy = {x €
CZ(X(vt))a |xn+1| < b} Then

Vol(Cl(X (+,t))\Gt) > Cra" M.
Similar to (3.14), we have % Vol(Cl(X (-, t))\Gt) > —wy. Hence Vol(ClU(X (-, t))\Gr)
> 0 when t < C,,a"M/w,,.

If the unit sphere S™ is strictly contained in X (-,#p), then by the comparison
principle we have B, (0) C CI(X(-,t)), where p(t) satisfies

p'(t) =nlogp(t), p(to) =r(X(-t0)).

Hence (X (-,t)) — oo.

We claim that if M is large enough, X (-,t) contains the unit sphere S™ provided
t is suitably large, from which it follows r(X(-,¢)) — co. Indeed, similar to (3.15)
we have

%Vol(Gt) > mes(F}) — 4wy,

By the Alexandrov-Fenchel inequality we have
mes(Fy) + 2w, 1 > mes(0G,) > wt/ U [Vol(G,)|™/ (Y,
Hence

%Vol(Gt) > WY FDVol(G)]Y Y — dw,, — 2w, 1.

Note that if M is large enough, we have Vol(Go) > “=La"b by the convexity of
Go. Take b > 1 large enough so that “g=ta"b > (1 + 4w, + 2wn_1)("+1)/”w;1/n.
Then % Vol(G¢) > 1 and we deduce that
Vol(Gy) > Vol(Gp) +t > 26"t for t € (2", Cra™ M /wy,)
which implies S™ C G when b is large enough. O
Lemma 3.6 implies, by the comparison principle, that if X (-,¢) is a solution of
(3.5) and if 7(Xo) > a, R(Xo) > My for some My large, then r(X(-,t)) — +o0.

Lemma 3.7. There exists M; > 0 depending only on A, n, My and C' so that if
J(Xo) < C and Vol(Xy) > My, the solution X (-,t) of (3.5) satisfies R(X(-,t)) >
My for all t > 0, where My is the constant in Lemma 3.6.
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Proof. Let My = max{-2o- M+ w, (4/\)"+D/7}1f Vol(Xo) > My, by Lemma

n+1-"0
3.5 we have 4 Vol(X(-,t)) > 0 and so Vol(X(-,t)) > M, for all ¢ > 0. Hence
R(X (1)) > [%E Vol(X (-, )]/ (1) > My for all £ > 0. O

Theorem 3.2. Suppose f(x) satisfies (1.5). If there exists a stable solution Xo of
(1.1), then (1.1) has an unstable solution X1 so that Xo C Cl(X1).

Proof. Let ® = {¢(s) € C([0, ], x); ¢ satisfies the following (i)-(v)}.

(
(iv) B(e(s)) < Bo;
(v) R(p(sp)) < Mo and R(X, (1)) — 400 as t — +00;
where My is the constant in Lemma 3.6, Ag and By are positive constants to be
determined, A(X) and B(X) are as in the proof of Theorem 3.1, and X,(-, t) is the
solution of

(3.16) EX = ~log(K/f) 1, X(,0) = s

Note that Xs(-,t)‘szo = X for any ¢t > 0 and Xy < X,(-,¢t) for any s € (0, s,) and
t>0.

We claim that there exist Ay and By large enough so that the solution X;(-,?)
of (3.16) satisfies A(X,(-,t)) < Ao and B(X,(-,t)) < By provided R(X;(-,t)) <
My. Indeed, if R(X,(-,t)) < My, by Lemma 3.7, we have Vol(X,(-,¢')) < M; for
t' € (0,t). Since X,(-,t) contains Xy, by (ii) and the comparison principle we have
R(Xs(-,t') < M for all s’ € (0,s) and t' € (0,t). Let A* = sup{A(Xs (-, t'));s €
(0,s),t" € (0,t)}. If the supremum is attained at ¢ = 0, then A* < A(Xy). If it is
attained at ¢ > 0, by (2.14) we have A* < C = C(n, f, Ms). Hence if Ay is large
enough, we have A* < Ap. By Lemma 3.1 and (2.18) we can also choose By large
enough so that B(X;(-,t)) < By provided R(X;(-,t)) < Mp.

Set

co = inf sup J(p(s)).
o= inl s ()

We claim ¢g > J(Xp). Indeed, for any ¢ € @, let
_ w(s), s € (0,s,];
5= {49 (0.5,]
s5,(18 = 8p), 8 € (8p,+00).

By Lemma 3.6 and (v) we have 7(X,_(-,t)) — +o0, and hence J(p(s)) — —oo as
s — +o00. From (3.6) we have

sup{J(¢(s)); s € (0,55)} = sup{J(@(s)); s € (0, +00)}.

Since X is a stable solution, there exists an open xo C x which contains Xg so
that J(X) > J(Xo) ¥V X € Oxo. Hence

inf{J(X); X € dxo, A(X) < Ao, B(X) < Bo} > J(Xo) + €0

for some £ > 0 depending on Ag and By. Note that @(s) Ndxo is not empty. From
the above two formulae we therefore conclude that ¢y > J(Xp).
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For € > 0 small enough, let ¢(s) € @ so that sup,cp ) J((s)) < co + ¢, and
let X(-,t) be the solution of (3.16). For any ¢t > 0, let

s(pr) = sup{s € (0,50); R(X,(-,t)) < Mo},
and let @;(s) = Xs(-,t) for s € (0,s(¢;)). Then ¢, is a path in @, and
sup  J(pt(s)) > co.
5€[0,5(p¢)]
Suppose the supremum sup,e (o s(p,)) J(¢:(s)) is attained at s = s(t). Choose a

subsequence t; so that s; = s(t;) — s* for some s* € [0,s,). We claim s* > 0. For
if not, we would have, by (3.6),
co < J(pt,(s5)) < J(po(s;)) = J(po(0)) < co,

a contradiction. We also claim that Xg«(-,¢) is uniformly bounded for ¢ > 0.
Indeed, if it is not true, by Lemma 3.6 and note that X, < X« (-,t), we have
r(Xs(-,t)) — oo. Hence there exists an g9 > 0 so that r(X(-,t)) — oo for
s € N = [s* — ep, 8" + &¢], which implies J(X(-,t)) — —oo uniformly for s € N.
On the other hand, by the choice of s;, J(Xs,(-,t;)) > co. When j is sufficiently
large, we reach a contradiction.

Consequently by Lemma 3.4, there exists a subsequence t; — 0o so that X« (-, ;)
converges to a solution X* of (1.1) with ¢g < J(X*) < ¢p+¢. Let ¢ — 0 and by
(2.10) and Lemma 3.3, we obtain a solution X of (1.1) with J(X) = cp. |

Corollary 3.4. Suppose f(x) satisfies (1.2) and (1.5). Then (1.1) admits at least
three solutions.

Proof. We have shown in Corollary 3.3 that equation (1.1) has a stable solution
Xo € xo0- By Theorems 3.1 and 3.2, there exist two unstable solutions X; and X,
so that X7 < Xo and Xy < Xo, respectively. (|

Theorem 3.1 can be slightly improved. Let X be a solution of (1.1). We say
X is relatively stable if there exists an open subset xo which contains X so that
J(X)=mf{J(X), X € x0}.

Theorem 3.3. If (1.1) has a relatively stable solution, then it has at least two

solutions.

Proof. Let Xy be a relatively stable solution of (1.1). Let ® and ¢y be as in the
proof of Theorem 3.1. If ¢y > J(Xj), the proof of Theorem 3.1 is valid and so (1.1)
has at least two solutions. If ¢y = J(Xy), we proceed as follows.
Let xo = {X € x; dist(X, Xo) < po}. Since Xy is a relatively stable solution,
we may choose py € (0, %A‘l/ ™) suitably small so that
J(Xo) =inf{J(X); X €xo0}
For any € > 0, let ((s) € ® so that sup,c(s, 5 J(¢(s)) < co + €. Let Xs(-,t) be the
solution of (3.9). For any s € [6g, 5], let
t*(s) = sup{t; X(-,t) € xo}-
Then X,(-,t*(s)) € 9xo, which implies
J(Xs(517(5)) = inf{J(X), X € xo} = J(Xo).
Note that R(X) > 2A~Y/" for any X € xo. By Remark 2.2 we have R(X,(-,t)) >
LAY Y e (0,t7(s)).
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By (3.6) we have

ORI .
(3.17) < —/ 9 H (e, ) {eFHe —1}dod,
0

where H,(x,t) is the support function of X(-,¢). By (iv) and (v) in the definition
of @ (see the proof of Theorem 3.1) we have | H(z,t)| < Cy = C1(Ag, By) for
t € (0,t*(s)). Hence if p(s) € xo for some s, there exists C' > 0 depends only on
C1 and dist(¢(s), dxo) so that

(3.18) t(s) > C.
Let
s* =inf{s; t*(s) = +o0}.

For any s < $AY2, by Remark 2.2 we have R(X,(,t)) < R(X,(-,0)). By (ii) of
the definition of ® in Theorem 3.1, R(X(-,0)) = s < AY2, namely, X,(,t) & Xo.
Hence s* > %A1/2 > 0.

If s* =3, the left hand side of (3.17)

= J(Xo) = J(Xs(-,0)) = J(#(5)) = J(p(s)) = 0 as s —5.

Hence by the a priori extimates in Section 2, and noticing that t*(s) > C > 0 for s
near s, we have
0
ot
Hence there is a subsequence s; — 5 so that X (-,t*(s;)) converges to a solution
X, of (1.1). Since X, (-,*(s;)) € Oxo, we have X, € Oxo.

Next we consider the case s* < 5. Note that X« (,¢) can not shrink to a point
in finite time. By Lemma 3.4, there exists a subsequence of X« (+,t) (still denoted
by X« (+,t)) which converges to a solution X, of (1.1). If X, # Xy, we are through.
If X, = Xo, we may choose t; > 0 so that dist(Xo, Xs(-,¢;)) < 27771py. Hence
there exists s; € (6o, s) so that

(3.19) dist(Xo, Xs, (-, t;)) <277 po,

H,(-,t) — 0 uniformly for ¢ € (0,t*(s)) as s —s.

which implies t*(s;) —t; > C and
J(Xs; (5 15)) < J(Xo) +¢5

with €; — 0 as j — oo. Similar to (3.17) we have

t*(s5)
T(Xs, (- 8°(57)) = (X5, (1)) < ‘/ %Hw (z, t){e7 5 — 1}dod,
t; Sn

and the left hand side
> J(Xo) = J(Xs, (+1) = —£; — 0 as j — oo,
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Consequently
0
ot

Hence there exists a subsequence of s; (still denoted by s;) so that X, (-, t*(s;))

converges to a solution X, of (1.1) so that X, € dxo. This completes the proof. O

H,(-,t) — 0 uniformly for t e (t;,t"(s;)) as j — ooc.

4. PROOF OF THEOREM 2

In this section we suppose f(z) satisfies (1.5) and || f(z)||c2@n+1y < C. For any
convex hypersurface Xy with support center at y, let Xy(-,¢) be the solution of the
problem

(@.1) X = log(K/f) 7, X(0) =y +6(Xo — ).

Suppose the maximal time interval of Xy (-, ¢) is [0, Tp). By the comparison principle
we have Xy, (-,t) < Xp,(-,t) and Ty, < Tp, for any 6, < 02. And Tp < oo if 0 is
small enough, R(X(-,t)) — +oo if § is large enough. Let x(y) denote the set of
convex hypersurfaces Xy with support center at y, so that the solution Xjy(-,t)
shrinks to a point in finite time for € (0,1), and X@(-,t)‘ezl exists for all ¢t > 0,

ie., Tp < 4oo for any 8 < 1 and Te 00.

lo=1

Lemma 4.1. For X, € x(y) we have

(4.2) R(Xo) < My = [J(X0) 4+ wnA(4/X)HD/7),

Wn—1

Proof. By (3.2) we have

J(Xo) = [ Hodo — / F)de > “2=LR(X,) — A Vol(X).
Sn Cl(X())
Hence
1 wn_
(4.3) Vol(Xo) > LR(Xo) — J(Xo)).
Let Xpy(-,t) be the solution of (4.1). By Lemma 3.5,
(4.4) %VOI(X(;(-, t)) > wl/ D [Vol(Xy (-, t)/ "+ — ;wn.

If
4\ (nt1)/n
Vol(Xp) > wn(x) ,

then Vol(Xp(-,0)) > w,(4/X)FV/™ for § < 1 sufficiently close to 1. Hence
Vol(Xg(-,t)) — +oo for § < 1 close to 1. On the other hand, by definition we have
Ty < +oo when 6 < 1. This is a contradiction. Hence Vol(Xg) < wy,(4/\) 1D/
and so (4.2) follows. |

If Xy € x(y), we have X‘)("t>}9:1 € x(y¢) for any t > 0, where y; is the support
centre of X@(-,t)‘ezl. By (2.21), (4.2) and (3.6) we thus have

< [J(X0) +wnA(4/X) D7 v ¢ > 0.

(45) ATV < R(Xo(,0)],_, <

Wn—1
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For any convex hypersurface X, as in Section 3 we denote by A(X) the supremum
of the principal radii of X, by B(X) we denote the supremum of the principal
curvatures of X. Let

(4.6) X(y) ={Xo € x(y); A(Xo) < Ao, B(Xo) < Bo},
and let ¥ = (J{X(y); y € R"*1}. Set
(4.7) c(y) = cp(y) = mf{J(X); X € X(y)}.

Similar to the proof of Theorem 3.1 we may take Ay and By large enough so that
for any Xy € X, the solution X (-,t) of
0

satisfies

A(X (1) <Ay, B(X(,t)<By V t>0.
That is, for any Xy € X, the solution of (4.8) belongs to Y for any ¢ > 0. Since
the solution of (4.8) depends continuously on the initial surface Xy, we see that if

X; € X(y) and X; — X, then X € X(y). Hence c(y) is attainable, namely, for any
y € R"T1 there exists X, € x(y) so that J(X,) = c(y).

Lemma 4.2. ¢(y) is Lipschitz continuous and there exists cg > 0 depending only
onn and A so that

(4.9) cly)>co V yeR™L

Proof. For any Xy € X, let Xg(-,t) be the solution of (4.1). Then for any 6 € (0,1),
Xp(+,t) shrinks to a point in finite time. By (3.6) and (3.3),

J(Xl—s('v 0)) = igIO) J(Xl—s('a t))

n— nA —
Unolp o TRl 0 < R< ATV} > ¢ = co(n, A).

4.10 > _
(4.10) > sup{ p i}

Let € — 0, we obtain J(Xg) > ¢o > 0.

Next we prove that ¢(y) is Lipschitz continuous. Let Xo € X(y) so that J(Xo) =
c(y). For y’ € R"*! near y let X) =y’ —y + Xy, and let X/(-,¢) be the solution of
d
Let 6(y") = sup{d, X,(-,t) shrinks to a point in finite time }. Let 6 > 0 be the
smallest constant so that y' + (1 —6)(X{ —y') C Xo C ¢’ + (14 6)(X{ —v'). Since
A(Xo) < Ap and B(Xy) < By, we have 6 < Cly’ —y|. By the comparison principle,
1—-6<0(y) <1+6 We conclude ¢(y') < ¢(y) + Cily — ¢| from the Lipschitz
continuity of f(x). |

It is easy to see that V y € R"T1,
c(y) <sup J(y +tS")
>0

Aw
4.11 < sup{wnt — n tn+1
( ) a t>18{ n+1 ;

= nw, /(n + 1)AY™,
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We say yp is a local minimum of ¢(y) if there exists a neighbourhood N of yg so
that c(yo) = inf{c(y);y € N}.

Theorem 4.1. Suppose c(y) attains its local minimum at yo. Then (1.1) has a
solution Xo € X(yo) so that J(Xo) = c(yo).

Proof. Let Xy € X(yo) so that J(Xo) = ¢(yo). If Xo is not a solution of (1.1), we
consider the solution X (-,t) of

DX = logK/f 7, X(-0)=Xp.

By (3.6) we have

d
(4.12) —J(X (1) < — 2H(gc,t){e%H —1}do < 0,

dt on OF
where H (x,t) is the support function of X (-, ). We obtain c¢(p(X (-, t))) < J(X (-, 1))
< J(Xo) = ¢(yo) for any ¢t > 0. But for ¢ small the support centre p(X(-,t)) lies
in N and hence by assumption we have ¢(p(X(-,t))) > ¢(yo). This contradiction

shows that X is a solution of (1.1). O

Corollary 4.1. Suppose there exists a domain § which contains By, (0) so that

(4.13) inf{f(z); € Bn,(0)} = sup{f(x); xe€ Np,(0D)},

where Ns denotes the § neighbourhood, and My is the constant in Lemma 4.1 with
J(Xo) < nwn/(n+ D)AY™ given by (4.11). Then (1.1) has at least one solution.

Proof. From (4.13) we have ¢(0) < inf{c(y), v € 9Q}. Hence c(y) attains its

minimum in 2. By Theorem 4.1 we obtain a solution with support centre contained
in . O

We guess that if ¢(y) attains its strict maximum at some point g, then (1.1) has
a solution Xy € X(yo). We will give an example to show that the constant My in
(4.13) cannot be too small.

Theorem 4.2. Suppose
(4.14) lim f(z)=fo>0.

|z|—o0

Then (1.1) has at least one solution. If furthermore c(y) attains its mazimum at
some point, then (1.1) has a solution X so that J(X) > sup{c(y),y € R"T1}.

Proof. We may suppose fop = 1. For any X € X(y), by (4.5) we have

J(X) = T 4(X) —/ dz + o(1),
cUx)
where o(1) — 0 as [p(X)| — co. Since S™ is the unique solution of (1.1) with f =1,
we have
(4.15) c(y) = mf{J(X), X €X(y)} — —Fwn as [y| — oo
If sup, cgn+1 c(y) = T Wn, then c(y) attains its local minimum at some point
and by Theorem 4.1 there is a solution of (1.1). Hence to prove Theorem 4.2 we

may SUppose Sup,cpn+1 c(y) > rwn and the supremum is attained at the origin.

n
1
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For y € R™"1, let A(y) > 0 so that the solution Xg ,(-,t) of

%X - lOg(K/f) s X(-,O) = 9(3/ + Sn)

shrinks to a point in finite time for 8 € (0,6(y)), and Xy ,( exists for

6=0(y)

all ¢ > 0. Tt is easy to see that 6(y) depends continuously on y ‘and O(y) — 1 as

ly| — oo. Let d(y) = J(O(y)(y + S™)). We have d(y) > c(y), and d(y) — ;fqwn as

ly| — oo. Hence there exists R large enough so that ¢(0) > d(y) for any |y| > R/2.
Consider the solution X, (-, 1) =: Xg(,) (-, t). From (3.6),

J(Xy (1) — J(X, / /n — H,{e5 v — 1}dudt,

where H,(-,t) is the support function of X,(-,t). Since X,(-,t) € X, by (4.9) the

left hand side is uniformly bounded. By the a priori estimates in Section 2 we

conclude that for any given y € R**+1,

9

ot
Let py: be the support centre of X, (-,¢). We claim that for any ¢ > 0, there

exists y¢ € Br(0) so that py, = 0. Indeed,

c(py.t) < J(Xy (1)) < J(Xy(+,0)) < c(0)

for any |y| > R/2. Hence p,: # 0 for any |y| > R/2. If the claim is not true at
to > 0, we introduce G(y, ) = py ¢(y,s), s € [0,1], where

Hy.s) = tos, y € Br/2(0),
’ tos(% —1), y€ Bgr(0)\Bg/2(0).

G(y, s) is a homotopy from Br(0) to {G(y,1), y € Br(0)} so that G(y,s) = id
on OBg(0). Since 0 ¢ {G(y,1), y € Bgr(0)}, we obtain a continuous map y —
RiGd from Bg(0) to OBr(0) which is the identity map on dBg(0). This is
imposéible.

Since y; € Bgr(0) we may suppose y; — o by selecting a subsequence. We
wish to show py, ; is uniformly bounded. Suppose on the contrary that there is a
subsequence t; — oo so that |py,;,| — co. Since f(y) — 1 as [y| — oo, by (4.16)
we see that the Gauss curvature K (X, (-,t;)) of X,,(-,t;) satisfies

(4.16) Hy(xz,t) — 0 uniformly for = € S™.

0
K(Xyo (85)) = f(Xyo (- 15)) exp{ g Xy (- 85)} = 1+ o(1)
for j large. By the uniqueness of solutions to the equation K (X) =1 we conclude
(417) Xyﬂ('vtj) C Néj(sn+pyo7tj)

with 6; — 0 as j — oo. It follows

J(Xyo (1 15)) = J(S™ 4+ pyo,t;) +o(1) = %wn +o(1).

Hence there exists jy sufficiently large so that

J(Xyo('vtjo)) < C(O),
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which implies J(X, (-, t;,)) < ¢(0) for y sufficiently close to yo. In particular for ¢
large enough we obtain

J(Xy, (-5 55)) < ¢(0).
Since J(Xy(-,t)) is nonincreasing, it follows
J(Xy, (1)) < ¢(0).

On the other hand, since py,; = 0 we have J(X,, (-, t,)) > c(py,+) = ¢(0). We
reach a contradiction. Hence p,, ; is uniformly bounded.

By Lemma 3.4, we may select a subsequence ¢; so that Xy, (-, ;) converges to a
solution Xy of (1.1).

Finally we prove J(Xo) > ¢(0). If this is not true, noticing that J(X,,(-,t)) is
nonincreasing, we have

thm J(Xyo (-, 1)) = J(Xo) < ¢(0),

namely, J(Xy,(-,t0)) < ¢(0) for some ¢y large enough. Similar to the above ar-

gument we obtain J(X,,(-,t)) < ¢(0) for ¢ large enough, which is in contradiction
with J(X,,(-,t)) > c(pyt +) = ¢(0). This completes the proof. |

We give an example to show that the constant My in Corollary 4.1 can not be
too small. For simplicity we consider the case n = 1. By the four vertex theorem
we see that if f(z) = 3 4 arctgz, then there is no solution of (1.1).

Example 1. Let f(z) = A(3 + arctgzy £ g-(x)), where A € (0, 1] is a constant and

() {COS(?T\/ZC% +x3/2e)  if 23+ a3 <&,
ge\T) =

0 else.

Then (1.1) has no solution if ¢ is small.

/deZ/Kd9:27r,
X X

Proof. Since

we have
2 m
4.18 < R(X) <L .
(4.18) <ROO < S
If X N B.(0) is empty, then f(x A3+ arctgxl) on X. By the four vertex

theorem, there is no solution of (1.1). If X N B.(0) is not empty, we have, by the
definition of curvature,

mes(G(X N B:(0))) <sup f(x) - mes(X NB.(0)) < 127 Ae,

where G : X — S! is the Gauss map of X. We compute

1 B 2™ sin@ [T, sin@ B sin 0
s @ =), faeen®™ = /o(f(w(é’)) Fleer — o) "
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where 6 is the angle between oz and the minus x5 direction, z:(8) =G~ (sin #,—cos ).
We have

T T sin6 sin 6 2
s | Gl e oy ey G N B0)
T sin@ sin @ 48me
< | e~ FeE )t T

where fo = A\(3 + arctgz1). By Lemma 3.1 and (4.18),

r(X) > R(X)?/8sup(1/f(z)) > %inf f(@)/|sup f(a)[*.

Hence z1(6) — x1(27 — 0) > sinfr(X) > Csinf/\. We have
1 1 C
— < —[sup f]2[f(z(9)) — f(z(27m — 0))] < —=sinf
@) Faae ) = SR A O) — flaler o) <
for some C > 0 independent of A € (0,1]. We thus obtain
ﬂdsg—g+ 487r£'
St f )\ 4 —7
Hence if ¢ < C1/A for some C; > 0, then f81 %ds < 0. But on the other hand,
by the necessary condition for the Minkowski problem, we have |, g1 %ds =0, a
contradiction. O
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